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Educational Goals of the Training

What will the user learn?

1. Understand the four main solution approaches in optimization.
2. Recognize strengths, limits, and use cases for every approach.
3. Learn how to apply each method in industrial scenarios.
4. Get ready to select the right technique for each type of problem.
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1. Mathematical Programming for Production and Logistics
1.1 Introduction to Mathematical Programming

•  What is Mathematical Programming?
• Mathematical Programming is the use of mathematical models to represent and solve 

optimization problems, where the goal is to find the best decision under a set of 
constraints.

• Mathematical programming refers to a class of optimization techniques where problems 
are modeled using objective functions and constraints, typically expressed as 
equations or inequalities. The goal is to maximize or minimize a specific outcome (e.g., 
cost, time, energy, profit).

• In Industry it’s used to make optimal decisions in:
• Production: deciding how much to produce of each item.
• Scheduling: assigning jobs to machines or workers efficiently.
• Logistics: planning delivery routes or supply chain flows.



1.1 Introduction to Mathematical Programming

• Types Used in Industry:
• Linear Programming (LP): Used for resource allocation, cost minimization.
• Integer Programming (IP): For decisions like assigning tasks or routes (0/1, yes/no 

decisions).
• Mixed Integer Linear Programming (MILP): Combines both — commonly used in 

scheduling and logistics.

Elements of a Mathematical Program:
• Decision Variables: What we can control (e.g., quantity produced, route selected).
• Objective Function: What we aim to optimize (e.g., minimize cost).
• Constraints: The rules we must follow (e.g., limited capacity, deadlines).



1.2 Linear Programming (LP)

Definition:
Linear Programming (LP) is a mathematical method for optimizing a 
linear objective function, subject to a set of linear equality and 
inequality constraints, i.e., they must not contain terms like: 
𝑥!", 𝑒#! , 𝑜𝑟	𝑥!×𝑥$ 

 This is a limitation — but also a huge strength.

• Structure:
• Objective Function:

Maximize or minimize a linear expression (e.g., profit = 5x + 3y)
• Constraints:

Each restriction is linear (e.g., 2x + y ≤ 100)
• Decision Variables:

Continuous (i.e., fractional values allowed, such as 2.5 kg or 7.8 hours)



1.2 Linear Programming (LP)

• Why Is Linearity Powerful?
• Solvability: Linear models are much easier to solve than nonlinear ones.
• Efficiency: Algorithms like the Simplex Method or Interior-Point Methods work 

efficiently by exploring the vertices of the feasible region.
• Certainty: The optimal solution, if it exists, always lies at a vertex of the feasible region.

• Geometric Insight (2D Case):
• Feasible solutions form a polygon-shaped region.
• The optimal solution lies at a corner (vertex) — this drastically reduces the number of 

solutions we must check.
• In some cases, there may be multiple optimal solutions, but at least one will still be on 

the boundary.



1.2 Linear Programming (LP)

Relevance to Industry:
• LP is a go-to tool because many industrial problems can be modeled or 

approximated with linear constraints.
• Even when the real-world system is nonlinear, linear programming often 

provides a valid or useful approximation.

Realistic Objectives in Industrial LP:
Industrial objectives may vary:
• Maximize profit, utility, or customer satisfaction
• Minimize cost, labor hours, or inventory
• Balance multiple conflicting objectives
LP can still be applied, sometimes requiring approximation or multi-objective 
reformulations.



1.2 Linear Programming (LP)
Example: Optimizing a Product Mix

Factory Setup
• Produces 5 products (PROD 1 to PROD 5)
• Uses 3 resources: Grinding, Drilling, and Assembly
• Profit per unit:

PROD 1: £550, PROD 2: £600, PROD 3: £350, PROD 4: £400, PROD 5: 
£200

Product Grinding Drilling Assembly
PROD 1 12 10 20
PROD 2 20 8 20
PROD 3 – 16 20
PROD 4 25 – 20
PROD 5 15 – 20

Time per process (in hours): Available capacity:
•Grinding: 3 machines × 96h = 288 hours
•Drilling: 2 machines × 96h = 192 hours
•Assembly: 8 workers × 48h = 384 hours



1.2 Linear Programming (LP)
Example: Optimizing a Product Mix

Formulating the Linear Program
Let:

x₁, x₂, x₃, x₄, x₅ = quantity of PROD 1–5 to produce
Objective Function (maximize profit):

Maximize:
550x₁ + 600x₂ + 350x₃ + 400x₄ + 200x₅

Constraints:
• Grinding hours:

12x₁ + 20x₂ + 25x₄ + 15x₅ ≤ 288
• Drilling hours:

10x₁ + 8x₂ + 16x₃ ≤ 192
• Assembly hours:

20x₁ + 20x₂ + 20x₃ + 20x₄ + 20x₅ ≤ 384
• Non-negativity:

x₁, x₂, x₃, x₄, x₅ ≥ 0



1.2 Linear Programming (LP)
Example: Optimizing a Product Mix

Understanding the LP Structure
• Linear Objective: All terms are sums of coefficients × variables
• Linear Constraints: No variables multiplied or squared
• Real-World Relevance:

• Common in production planning, blending, and staff scheduling
• Easy to solve with LP solvers

• Takeaway:
This is a classic “Product Mix” LP problem — optimize resource use to 
maximize profit, all under real industrial constraints.



1.2 Linear Programming (LP)
Example: Optimizing a Product Mix

Solution to the Product Mix LP
LP: Maximize: 550x₁ + 600x₂ + 350x₃ + 400x₄ + 200x₅
Subject to:

• Grinding: 12x₁ + 20x₂ + 25x₄ + 15x₅ ≤ 288
• Drilling: 10x₁ + 8x₂ + 16x₃ ≤ 192
• Assembly: 20x₁ + 20x₂ + 20x₃ + 20x₄ + 20x₅ ≤ 384
• Non-negativity: x₁,…,x₅ ≥ 0

Optimal Solution (via Simplex method):
• x₁ = 12
• x₂ = 7.2
• x₃ = x₄ = x₅ = 0
• Profit = £10,920
 Insights:
• Grinding and assembly capacities are fully used.
• Drilling has unused (slack) capacity.
• LP naturally suggests producing only the most profitable products within constraints.



1.2 Linear Programming (LP)
Example: Optimizing a Product Mix

Managerial Insights from LP Solution
What else can LP tell us?
Besides the solution, LP solvers provide:
• Shadow Prices (Dual Values)

• Definition: Value of one additional unit of resource.
• Example: If the shadow price of grinding is £50, then 1 extra hour of grinding could increase profit by 

£50.
• Helps with capacity expansion decisions.

• Reduced Costs
• Definition: How much more profit a currently unused product (e.g., PROD 3–5) must generate to 

become viable.
• Example: If PROD 3’s reduced cost is £150, you’d need to raise its contribution to profit by £150 to 

consider producing it.

• Takeaway for Industry:
• LP models do not just give a plan — they support what-if analysis, pricing, and investment decisions.
• Shadow prices and reduced costs are key levers in production planning and resource optimization.



1.3 Integer and Mixed Integer Programming (IP / MILP)

• Integer Programming (IP):
An optimization model where some or all decision variables must take 
integer values (e.g., 0, 1, 2...).
• Mixed Integer Linear Programming (MILP):

A hybrid model where:
• Some variables are continuous
• Some variables are integer
• The objective and constraints remain linear

Why Needed?
• Real-world decisions are often discrete:

• Number of workers or machines
• On/off decisions (open/close facilities)
• Binary logic (0-1) for project selection



1.3 Integer and Mixed Integer Programming (IP / MILP)
Types of Problems Solved by IP

Where Is Integer Programming Used?

Problem Categories:
1. Discrete Inputs & Outputs

e.g., Can't produce 2.5 cars → must be 2 or 3
2. Logical Conditions

“If A is produced, B or C must also be produced”
3. Combinatorial Problems

Scheduling, routing, assignment
4. Network & Resource Allocation Problems

Depot location, aircrew scheduling, districting
5. Non-linear or Piecewise Approximations

Fixed setup costs, economies of scale, stepwise resource expansion

IP enables realistic modeling of decisions that LP can only approximate.



1.3 Integer and Mixed Integer Programming (IP / MILP)
Example – Discrete Product Choice

LP vs. IP Example: Why Integers Matter

• Maximize:
x₁ + x₂

• Subject to:
-2x₁ + 2x₂ ≥ 1
-8x₁ + 10x₂ ≤ 13
x₁, x₂ ≥ 0

• LP Solution:
x₁ = 4, x₂ = 4.5 → Infeasible if x must be whole

• IP Solution:
x₁ = 1, x₂ = 2 → Feasible, correct solution

Insight: Rounding LP solutions may lead to infeasibility or bad decisions.
IP models force feasibility by respecting indivisibility.



1.3 Integer and Mixed Integer Programming (IP / MILP)
Solving IPs – Basic Concepts

Why Integer Programming Is Harder to Solve

• LP is “easy”:
• Efficient (Simplex, Interior-Point)
• Polynomial-time solutions

• IP/MILP is “hard”:
• NP-hard → Many feasible combinations to explore
• Cannot rely on LP relaxation alone

• Solvers Use:
• Branch & Bound
• Cutting Planes
• Branch & Cut
• Enumeration / Tree Search

Solver Insight: Unlike LP, IP solvers may take minutes or hours. Smart formulation is the 
key.



1.3 Integer and Mixed Integer Programming (IP / MILP)
Solvers for IP/MILP

1. Cutting Planes (Gomory, 1958)
• Starts with LP relaxation by dropping integer constraints.
• Adds extra constraints (cuts) to eliminate fractional solutions.
• Repeats until a valid integer solution is found or infeasibility is proven.
• Elegant but weak on large problems alone.
• Often combined with branch-and-bound to form Branch and Cut.

2. Enumerative Methods (Balas, Geoffrion)
• Explores all possible combinations using a tree-based search.
• Efficient pruning rules eliminate infeasible or suboptimal branches.
• Useful for 0–1 PIP problems (binary decisions).
• Not widely used in modern solvers due to limited scalability



1.3 Integer and Mixed Integer Programming (IP / MILP)
Solvers for IP/MILP

3. Pseudo-Boolean Methods (Hammer & Peled)
• Uses Boolean algebra instead of inequalities.
• Encodes constraints compactly for some 0–1 problems.
•  Experimental and not common in commercial solvers.
• Useful only in special 0–1 formulations

4. Branch and Bound (Main Industry Standard)
• Relaxes to LP → checks feasibility.
• If fractional: splits solution space into branches (e.g., x ≤ 5, x ≥ 6).
• Continues recursively until optimal integer solution is found.
• Backbone of most modern MILP solvers (Gurobi, CPLEX, CBC).
• Often extended with cuts → Branch and Cut for better performance



1.3 Integer and Mixed Integer Programming (IP / MILP)
Industrial Applications of IP / MILP

How Industry Uses Integer Programming

• IP makes it possible to encode rules, logical dependencies, and binary 
decisions in industrial systems — LP alone cannot.

Sector Problem IP Role
Manufacturing Product mix with setup costs Binary setup variables
Logistics Depot/facility location Binary selection
Scheduling Assigning workers to shifts Integer crew sizes
Finance Capital budgeting Binary investment decisions
Transport Vehicle routing & order Combinatorial optimization



1.4 Use Cases in Production, Scheduling, and Logistics

Where Is Mathematical Programming Used in Industry?
Mathematical Programming (LP, IP, MILP) supports high-impact decisions in:
• Production

• Optimal product mix
• Batch sizing & inventory control
• Production line balancing

• Scheduling
• Job-shop and flow-shop optimization
• Staff/shift scheduling with time windows
• Maintenance planning under constraints

• Logistics
• Transportation cost minimization
• Routing and delivery planning
• Facility location & warehouse allocation

Takeaway: Mathematical programming helps maximize output, minimize cost, and 
balance constraints across complex operations.



1.4 Use Cases in Production, Scheduling, and Logistics
Use Cases Overview

Where Is Mathematical Programming Used in Industry?
Mathematical Programming (LP, IP, MILP) supports high-impact decisions in:
• Production

• Optimal product mix
• Batch sizing & inventory control
• Production line balancing

• Scheduling
• Job-shop and flow-shop optimization
• Staff/shift scheduling with time windows
• Maintenance planning under constraints

• Logistics
• Transportation cost minimization
• Routing and delivery planning
• Facility location & warehouse allocation

Takeaway: Mathematical programming helps maximize output, minimize cost, and 
balance constraints across complex operations.



1.4 Use Cases in Production, Scheduling, and Logistics
Production Example – Product Mix & Capacity

Scenario: A factory must decide how many units of each product to produce given:
• Limited machine hours (grinding, drilling)
• Fixed worker hours
• Product-specific profit margins
Model Type: Mixed Integer Linear Program (MILP)
Benefits:
• Produces an implementable weekly plan
• Respects capacity and labor limits
• Maximizes overall profit
Common Tools Used:
• Gurobi, CPLEX, CBC

Already demonstrated in Section 1.2 (Product Mix LP)



1.4 Use Cases in Production, Scheduling, and Logistics
Scheduling & Logistics Examples

Scheduling – Staff Assignment (IP/MILP)
• Assign workers to shifts while respecting labor rules, availability, and demand.
• Minimize overtime or maximize skill matching.
Logistics – Vehicle Routing Problem (VRP) 
• Assign delivery trucks to customer locations.
• Minimize total distance while meeting time windows.
Logistics – Traveling Salesman Problem (TSP)
• Find the shortest possible route to visit each location once and return to the 

depot.
Facility Location (IP)
• Choose which warehouses to open (0-1 decisions).
• Minimize build + transportation costs.



1.5 Strengths and Weaknesses in Industrial Practice
Strengths of Mathematical Programming

Strengths:
• Precise Modeling

• Captures real-world constraints and objectives mathematically
• Supports “what-if” analysis with minimal extra work

• Optimization Power
• Finds truly optimal or near-optimal solutions
• Especially effective when costs, time, or quality matter

• Scalability (for LP)
• Solves problems with thousands of variables quickly
• Fast solvers like Gurobi, CPLEX, CBC make LP/MILP usable in real-time decision systems

• Interpretability
• Transparent input/output structure
• Easy to justify decisions to managers or stakeholders

• Integrates Easily
• Can be embedded in ERP, MES, or Digital Twin systems
• Often used in automated scheduling, planning, and forecasting pipelines



1.5 Strengths and Weaknesses in Industrial Practice
Weaknesses and Practical Limitations

Limitations:
• Data Requirements

• Requires precise input data (costs, times, capacities)
• Uncertainty or inaccuracy can harm solution quality

• Computational Time (for MILP/IP)
• Integer problems can be slow or intractable for large models
• Solve time depends on problem structure and formulation quality

• Modeling Complexity
• Logical constraints, exceptions, and business rules can make models hard to build and maintain

• Lack of Adaptability to Change
• Static optimization: needs re-solving when context changes
• Not ideal for highly dynamic environments without integration

• Not Always Human-Intuitive
• LP/MILP solutions may not align with practical heuristics used by human planners

Mathematical programming is powerful but not plug-and-play. When well-formulated and 
supported with good data, it becomes a strategic advantage in industrial operations.



1.6 Tools & Solvers for LP, IP, and MILP

What is a Solver?
• A solver is a software engine that takes a mathematical model (objective + constraints) 

and computes the optimal solution, or determines infeasibility.

Where They’re Used:
• Gurobi & CPLEX: ERP systems, production schedulers, real-time logistics
• CBC, GLPK, HiGHS: Prototyping, education, low-cost solutions
• Integrated in Tools: Pyomo, PuLP, AMPL, JuMP, MATLAB, OR-Tools

Popular Solvers in Industry & Research
Solver Type Key Strengths License

Gurobi LP / MILP Fastest for large-scale models, industry-
grade Commercial

CPLEX LP / MILP Mature, highly reliable, IBM ecosystem Commercial

CBC MILP Open-source, ideal for academic and 
prototypes Open-source

GLPK LP / MILP Lightweight, open-source, less scalable Open-source



1.7 Further Reading in Mathematical Programming

Model Building in Mathematical Programming
H. Paul Williams (5th Edition, 2013)
• One of the most practical and readable texts on LP, MILP, and modeling techniques
• Focuses on real-world industrial problems, including production, blending, scheduling, 

and logistics
• Includes model interpretation, dual values, and many industry-based examples

Linear Programming: Foundations and Extensions
Robert J. Vanderbei
• A theoretical yet accessible textbook for LP and extensions like duality, simplex, and 

interior-point methods
• Covers both foundational math and practical modeling logic
• Suitable for learners who want to go beyond applications into method mechanics

https://www.researchgate.net/profile/Fazel-Varasteh-2/post/Can_anybody_please_suggest_a_reference_for_modelling_cost_of_production/attachment/59d63615c49f478072ea3d2f/AS%3A273636437495809%401442251418466/download/Wiley+Model+Building+in+Mathematical+Programming+5th+++++++(2013).%5Bsharethefiles.com%5D.pdf
https://dl.icdst.org/pdfs/files3/faa54c1f53965a11b03f9a13b023f9b2.pdf


Quick Recap Mathematical Programming : What Have We 
Learned?

• LP, IP, and MILP help model and solve real-world decisions in production, 
scheduling, and logistics.

Mathematical models include:
• Objective functions: what we want to optimize
• Constraints: limits or rules the solution must follow
• Variables: what we control or decide

• Solvers like Gurobi, CPLEX, CBC compute solutions efficiently — but 
complexity rises for MILP/IP.
• LP offers speed and flexibility, IP/MILP adds realism with binary and 

logical constraints.
• Knowing the strengths and limits helps choose the right tool for each 

industrial challenge.



Q&A 1: Mathematical Programming (1/2)

1.        Which of the following best describes a Mixed Integer Linear Program (MILP)?
      A. A model with only binary variables
      B. A model with both continuous and integer variables
      C. A model that cannot be solved by a computer
      D. A non-linear optimization model

2. What is a shadow price in Linear Programming?
A. The selling price of a product
B. The value of an additional unit of a constrained resource
C. The discounted value of a product
D. A cost hidden in the model

3. Which solver is open-source and commonly used for MILP prototypes?
A. CPLEX
B. Gurobi
C. CBC 
D. Excel Solver

4.        Why is solving Integer Programming (IP) generally harder than Linear Programming (LP)?
      A. Because IP uses more memory
      B. Because IP must explore many discrete combinations
      C. Because LP is not real math
      D. Because IP has no objective function

5.        In which scenario would LP be inappropriate?
     A. Blending chemical inputs
     B. Maximizing profit in production
     C. Assigning whole workers to shifts
     D. Allocating continuous resources



Q&A 1: Mathematical Programming (2/2)

• Answers:
• 1. B
• 2. B
• 3. C
• 4. B
• 5. C
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2.1 Introduction to Heuristics
What Are Heuristic Methods?

• Definition:
Metaheuristics are higher-level algorithms that guide heuristics to search smarter, often 
inspired by natural processes, like evolution or physics.

• How they work:
• Use stochastic or adaptive mechanisms to avoid poor local optima
• Balance exploration (trying new areas) and exploitation (refining known areas)

• Characteristics:
• Flexible and problem-independent
• Often used when heuristics get stuck
• Provide good-quality solutions even for complex, large-scale problems

• Typical Use Cases:
• Routing problems (e.g., TSP)
• Scheduling machines or workers
• Resource allocation in real-time systems

Heuristics are the go-to choice in fast-paced or large-scale industrial environments where 
"perfect" isn’t practical.



2.2 Common Heuristic Techniques

• Examples of Heuristics:

• Heuristics exploit patterns in the problem to make fast decisions, even in 
large or uncertain environments.

Method How It Works Typical Use

Greedy Algorithm Always take the best current 
choice Scheduling, routing

Nearest Neighbor (NN) Choose closest next location Traveling Salesman Problem

First-Fit / Best-Fit Fit items into resources one by 
one Bin packing, resource allocation

Constructive Heuristics Build a solution from scratch 
step-by-step Scheduling, planning



2.3 Example: Solving the Traveling Salesman Problem (TSP)
Heuristic Example: Nearest Neighbor (1/3)

• We are in the central warehouse (depot) of a production site
• We must satisfy the product requests received by 4 customers
• Our company vehicle is going to be routed to start from the depot, visit 

the five customers and then return to the depot
• The cost for moving between every node pair is given in the following 

symmetric cost matrix:
From\ To 0 1 2 3 4
0 0 37 84 46 47

1 37 0 11 15 47

2 84 11 0 20 15
3 46 15 20 0 20
4 47 47 15 20 0



2.3 Example: Solving the Traveling Salesman Problem (TSP)
Heuristic Example: Nearest Neighbor (2/3)

• We start from the Depot (Node 0).
• Initial Solution:

Current path: 0
Visited: {0}
Unvisited: {1, 2, 3, 4}

• Solution after the 1st insertion:
Nearest from 0: Node 1 (cost = 37)
Path: 0 → 1
Visited: {0, 1}
Unvisited: {2, 3, 4}

• Solution after the 2nd insertion:
Nearest from 1: Node 2 (cost = 11)
Path: 0 → 1 → 2
Visited: {0, 1, 2}
Unvisited: {3, 4}



2.3 Example: Solving the Traveling Salesman Problem (TSP)
Heuristic Example: Nearest Neighbor (3/3)

• Solution after the 3rd insertion:
Nearest from 2: Node 4 (cost = 15)
Path: 0 → 1 → 2 → 4
Visited: {0, 1, 2, 4}
Unvisited: {3}

• Solution after the 4th insertion:
Nearest from 4: Node 3 (cost = 20)
Path: 0 → 1 → 2 → 4 → 3
Visited: {0, 1, 2, 3, 4}

• Solution after returning to depot:
Return from 3 to 0: cost = 46
Final tour: 0 → 1 → 2 → 4 → 3 → 0

• Total cost:
= 37 (0→1) + 11 (1→2) + 15 (2→4) + 20 (4→3) + 46 (3→0)
= 129



2.4 Strengths and Weaknesses of Heuristics
Strengths of Heuristic Methods

• Speed and Simplicity
Heuristics deliver solutions very quickly, even for large or complex problems.

• Easy to Implement
Most heuristics are algorithmically straightforward, making them accessible for 
developers and engineers.

• Scalable to Large Problems
They work well when exact methods struggle with problem size or time limits.

• Useful in Real-Time Environments
Ideal for dynamic decisions, like rerouting deliveries or scheduling on short 
notice.

• Customizable and Flexible
Can be tailored to fit specific industrial rules, logic, or constraints.



2.4 Strengths and Weaknesses of Heuristics
Weaknesses of Heuristic Methods

• No Guarantee of Optimality
Heuristics often find good solutions, but not necessarily the best one.
• Sensitive to Problem Structure

Performance can vary widely depending on data, sequence, or rules.
• Can Get Stuck in Local Optima

May miss better solutions due to short-sighted choices.
• Lack of Theoretical Guarantees

Unlike exact methods, there’s no proof of solution quality without 
validation.
• Heuristic Bias

Solutions can be biased by initial conditions, leading to inconsistent 
results.



2.5 Industrial Applications
Where Are Heuristics Used in Industry?

1. Production Sequencing
Assign job orders to machines in a way that minimizes delays or changeover time.
Heuristic: Greedy earliest-due-first, Shortest Processing Time first

2. Workforce Scheduling
Match employees to shifts considering availability, skills, and coverage.
Heuristic: Constructive greedy algorithms, First-fit assignment

3. Bin Packing & Warehouse Layout
Efficiently place items in containers, shelves, or loading zones.
Heuristic: First-Fit / Best-Fit, Largest Item First

4. Vehicle Routing & Delivery Optimization
Plan truck routes to serve all locations at minimum cost and time.
Heuristic: Nearest Neighbor, Savings Algorithm, Sweep Heuristic

5. Order Picking in Warehouses
Select item paths that reduce walking time for pickers.
Heuristic: Greedy picking, Zoning, Path compression



2.5 Industrial Applications
Practical Example

• Scenario: Order Picking in a Warehouse
• A warehouse receives an order for 12 items stored across 3 aisles. A human picker must collect them as quickly as possible by 

walking between storage bins.

• The Optimization Problem:
• Goal: Minimize total walking distance
• Constraints: Must collect all items, cannot skip locations
• Challenge: Solving TSP exactly would be too slow in real-time

• Applied Heuristic: Nearest Neighbor (Greedy)
1. Start at the dispatch station
2. Go to the closest unvisited item location
3. Repeat until all items are collected
4. Return to dispatch

• Why This Works:
• Generates a good route within seconds
• Works well even when item locations change frequently
• Can be extended with logic like:

– “Prioritize heavy items early”
– “Avoid bottleneck zones”

• Business Benefit:
• Using a heuristic instead of solving a full TSP saves time, boosts picker productivity, and is easy to integrate into ERP systems.



2.6 Further Reading on Heuristic

How to Solve It: Modern Heuristics
Michalewicz & Fogel (2004)

• A broad and engaging guide to modern heuristic strategies
• Covers greedy methods, constructive heuristics, and introduces randomness and hybrid methods
• Very practical, includes real-world problem examples

Heuristics and Metaheuristics for Combinatorial Optimization
Blum & Roli (2003)

• Very accessible and widely cited overview paper
• Explains the role of heuristics in complex search spaces
• Includes classification and use cases

Heuristic Research: Design, Methodology, and Applications” 
Clark Moustakas (1990)

• Focuses on heuristics as a qualitative research approach
• Explores problem-solving as discovery, useful for conceptual thinking
• Valuable for understanding human-centered and exploratory heuristics

https://paginas.fe.up.pt/~mac/ensino/docs/OR/HowToSolveIt/Chapters_1-6_How_to_Solve_It_Modern_Heuristics.pdf
https://www.researchgate.net/publication/221900771_Metaheuristics_in_Combinatorial_Optimization_Overview_and_Conceptual_Comparison
https://books.google.gr/books?hl=el&lr=&id=y3HwBQAAQBAJ&oi=fnd&pg=PP1&dq=heuristic+&ots=QIOSWmT4I9&sig=bqYzP2mpPhwnQ47aS136RzYHNPE&redir_esc=y


Quick Recap Heuristic: What Have We Learned?

• Heuristics are fast, flexible methods to find good-enough solutions — especially useful when
time or complexity make exact methods impractical.
• They don’t guarantee the best solution, but are often the best option in real-world industrial settings
• Common strategies include:

• Greedy methods
• Nearest Neighbor
• First/Best Fit
• Randomized or Constructive approaches

• Used widely in:
• Scheduling
• Routing and logistics
• Resource allocation
• Warehouse operations

• Strengths: speed, simplicity, scalability
• Weaknesses: no optimality guarantee, can be biased or inconsistent
• Heuristics are often the first step or a component of more advanced methods like metaheuristics or hybrid optimization 

frameworks.



Q&A 2: Heuristic Methods (1/2)

1. Why do industries often prefer heuristics for large-scale problems?
A. Because they guarantee optimal solutions
B. Because they are mathematically elegant
C. Because they offer fast, good-enough solutions
D. Because they require no data

2. Which of the following is a common feature of heuristic methods?
A. Always produce the global optimum
B. Use rule-of-thumb strategies to explore solutions
C. Work only with exact data 
D. Require advanced solvers like Gurobi

3. What makes the Nearest Neighbor heuristic useful in logistics?
A. It greedily selects the next closest unvisited location
B. It evaluates all possible paths
C. It finds the longest path possible 
D. It simulates every route variation

4. What is one limitation of heuristics?
A. They are too slow to use in industry
B. They often need AI to run
C. They can get stuck in suboptimal solutions
D. They are illegal in regulated sectors



Q&A 2: Heuristic Methods (2/2)

• Answers:
• 1. C
• 2. B
• 3. A
• 4. C



Section 3: Metaheuristic Methods
1. Mathematical Programming for Production and Logistics 

1.1 Introduction to Mathematical Programming
1.2 Linear Programming (LP)
1.3 Integer and Mixed Integer Programming (IP / MILP)
1.4 Use Cases in Production, Scheduling, and Logistics
1.5 Strengths and Weaknesses in Industrial Practice
1.6 Tools & Solvers (e.g., CBC, Gurobi, CPLEX)
1.7 Further Reading
Q&A 1: Mathematical Programming

2. Heuristic Methods
2.1 Introduction to Heuristics
2.2 Common Heuristic Methods
2.3 Example: Solving the Traveling Salesman Problem (TSP)
2.4 Strengths and Weaknesses of Heuristics
2.5 Industrial Applications
2.6 Further Reading 
Q&A 2: Heuristic Methods

3. Metaheuristics Methods
2.1 Introduction to Metaheuristics
2.2 Overview of Popular Metaheuristic Algorithms
2.3 Example Application: Genetic Algorithm for Scheduling
2.4 Strengths and Weaknesses of Metaheuristics
2.5  Industrial Applications
2.6 Further Reading
Q&A 3: Metaheuristics

4. Reinforcement Learning
4.1 Introduction to Reinforcement Learning
4.2 Key Concepts: Agent, Environment, Reward, Policy
4.3 Types of RL: Model-Free, Model-Based, Deep RL
4.4 Strengths and Weaknesses of RL
4.5 Industrial Applications
4.6 Further Reading 
Q&A 4: Reinforcement Learning



3.1 Introduction to Metaheuristics

• Definition:
Metaheuristics are higher-level algorithms that guide heuristics to search 
smarter, often inspired by natural processes, like evolution or physics.

• How they work:
• Use stochastic or adaptive mechanisms to avoid poor local optima
• Balance exploration (trying new areas) and exploitation (refining known areas)

• Characteristics:
• Flexible and problem-independent
• Often used when heuristics get stuck
• Provide good-quality solutions even for complex, large-scale problems

• Examples:
• 2-opt: iteratively improves a route by swapping pairs
• Simulated Annealing: probabilistically accepts worse moves to escape local minima
• Genetic Algorithms: simulate evolution with selection, crossover, mutation
• Tabu Search: Uses memory structures to avoid cycling back to previously visited solutions



3.2 Overview of Popular Metaheuristic Algorithms

1. Simulated Annealing (SA)
• Inspired by metal cooling processes
• Occasionally accepts worse solutions to escape local optima
• Controlled by a “temperature” that gradually cools to focus the search

2. Genetic Algorithms (GA)
• Based on natural selection and evolution
• Uses a population of solutions that evolve through selection, crossover, and mutation
• Strong in exploring large search spaces and maintaining diversity

3. Tabu Search
• Employs a short-term memory (tabu list) to prevent revisiting recent solutions
• Encourages diversification while avoiding cycles
• Especially useful for combinatorial optimization problems

4. Ant Colony Optimization (ACO)
• Mimics ant behavior in finding food paths
• Agents (ants) lay down pheromones on good routes, reinforcing them for future searches
• Performs well in routing and network optimization

5. Particle Swarm Optimization (PSO)
• Inspired by bird flocking or fish schooling
• Solutions (particles) move based on their own best experience and that of their neighbors
• Efficient in continuous optimization problems



3.2 Overview of Popular Metaheuristic Algorithms

Comparison Table: Popular Metaheuristic Algorithms
Algorithm Inspired by Core Mechanism Best for Strength

Simulated 
Annealing Metal annealing

Probabilistic 
acceptance of 
worse solutions

Escaping local 
optima in hard 
problems

Simple & effective 
for fine-tuning

Genetic 
Algorithms (GA) Natural evolution

Selection, 
crossover, 
mutation of 
populations

Combinatorial & 
scheduling 
problems

Strong exploration 
& diversity

Tabu Search Human memory
Uses tabu list to 
avoid recent 
solutions

Routing, layout, 
and planning

Avoids cycles & 
local traps

Ant Colony 
Optimization

Ant foraging 
behavior

Pheromone-based 
reinforcement of 
good paths

Network design, 
TSP, routing

Reinforces 
collaborative 
learning

Particle Swarm 
Optimization

Flock/swarm 
movement

Adjusts solutions 
based on self & 
neighbors

Continuous 
optimization

Fast convergence & 
simple structure



3.3 Example Application: Genetic Algorithm for Scheduling

• Scenario: Job Scheduling in a Manufacturing Line
A production facility operates 3 identical machines and receives 10 jobs
that must be scheduled efficiently. Each job has:
• A defined processing time (in minutes)
• A priority level or due date
• A machine can only handle one job at a time

• Objective:
• Assign all jobs to machines in a sequence that minimizes the total makespan, i.e., the time at which the 

last job finishes.

• Constraints:
• Each job is processed without interruption
• No job can be assigned to multiple machines
• Jobs can have different lengths and urgency levels

• Why Use a Genetic Algorithm (GA)?
• GA explores many combinations quickly
• Adapts well to complex constraints
• Easily scales to more jobs or machines
• Works even if new constraints are added later (e.g., worker shifts, setup times)



3.3 Example Application: Genetic Algorithm for Scheduling
Step-by-Step: How GA Solves It

1. Encoding:
• Each solution (chromosome) is a sequence of jobs assigned to machines
• Example: [M1: J3, J7 | M2: J2, J8 | M3: J1, J4, J5...] 

2. Initial Population:
• Randomly generate 20+ valid job assignments

3. Fitness Function:
• Calculate total makespan (lower is better)

4. Selection:
• Choose best-performing schedules (e.g., tournament selection)

5. Crossover:
• Combine parts of two parent schedules to form new ones
• Example: Job order crossover

6. Mutation:
• Swap two jobs or shift a job to another machine
• Maintains diversity

7. Repeat: 
• Continue for 100+ generations until improvement plateaus

Result:
• Reduced makespan compared to manual 

or greedy assignment
• GA adapts to new constraints easily (e.g., 

urgent jobs, shift limits)
• Balanced load across machines → 

improved efficiency and throughput



3.4 Strengths and Weaknesses of Metaheuristics
Strengths of Metaheuristics

• Scalable for Large Problems
Handle thousands of variables or constraints effectively
• Adaptable to Complex Constraints
Can include priorities, machine setups, shift limits, time windows, etc.
• Flexible and General-Purpose
Can be applied to many domains: scheduling, routing, layout design, energy
• Escape Local Optima
Designed to explore broadly and avoid getting stuck in suboptimal zones
• Work Without Full Mathematical Models
No need for gradients, derivatives, or convexity – just a way to evaluate solutions



3.4 Strengths and Weaknesses of Metaheuristics
Weaknesses of Metaheuristics

• No Guarantee of Optimality
Results are good, but not proven optimal
• Many Parameters to Tune
Performance depends on careful selection of population size, mutation 

rate, etc.
• Can Be Computationally Expensive
Especially for very high-generation runs or complex evaluations
• Randomness Introduces Variability
Different runs may lead to slightly different results
• Requires Implementation Effort
Must be tailored to the problem – no one-size-fits-all out of the box



3.5 Industrial Applications
How Metaheuristics Solve Real Industrial Problems

1. Production Sequencing
Optimize the order of jobs on machines to minimize makespan or setup time
Common Methods: Genetic Algorithms, Simulated Annealing
Used in: automotive, electronics, steel manufacturing

2. Vehicle Routing and Logistics
Determine delivery routes that minimize travel distance or time under capacity and time window constraints
Common Methods: Ant Colony Optimization, Tabu Search
Used in: last-mile delivery, supply chain routing, cold-chain logistics

3. Warehouse Layout and Picking Optimization
Design item locations and picking paths to reduce walking time and errors
Common Methods: Particle Swarm Optimization, Simulated Annealing
Used in: e-commerce, retail distribution centers

4. Energy Systems Optimization
Balance energy loads, generation, and costs in smart grid environments
Common Methods: PSO, GA, Hybrid Metaheuristics
Used in: utilities, industrial energy scheduling

5. Staff and Shift Scheduling
Assign employees to shifts based on skills, availability, and labor rules
Common Methods: Tabu Search, GA, Constraint-augmented methods
Used in: healthcare, airlines, call centers



3.5 Industrial Applications
Practical Example

• Scenario: Complex Order Picking in a Warehouse
• A warehouse handles hundreds of orders daily, with items spread across 5+ aisles and 

storage zones. The layout includes bottlenecks, multiple pickers, and varying priorities 
(cold storage, high-priority orders).

• The Optimization Problem:
• Goal: Minimize the total picking time across multiple pickers
• Constraints:

• Each picker must follow a route collecting specific items
• Some items must be picked in priority order
• Avoid congested areas (traffic zones)

• Challenge: Exact methods like MILP or full TSP take too long for real-time execution — 
especially with dynamic order updates



3.5 Industrial Applications
Practical Example

Applied Metaheuristic: Ant Colony Optimization (ACO)
1.Simulate ants laying virtual pheromones as they construct pick paths
2.Paths that result in shorter walking times are reinforced
3.ACO balances exploration (new paths) and exploitation (best paths)
4.After multiple iterations, the best route(s) for each picker are selected
Why This Works:
• Adapts quickly to new orders or layout changes
• Efficiently handles multiple objectives and constraints
• Scalable to large-scale multi-picker environments
• Works even when exact distances are non-Euclidean (real warehouse 

paths)



3.6 Further Reading on Metaheuristics

Essentials of Metaheuristics (Free PDF)
Sean Luke (2016)

• Open-access, beginner-friendly with pseudocode and use cases

Heuristics and Metaheuristics for Combinatorial Optimization
Blum & Roli (2003)

• Very accessible and widely cited overview paper
• Explains the role of heuristics in complex search spaces
• Includes classification and use cases

Heuristic Research: Design, Methodology, and Applications” 
Clark Moustakas (1990)

• Focuses on heuristics as a qualitative research approach
• Explores problem-solving as discovery, useful for conceptual thinking
• Valuable for understanding human-centered and exploratory heuristics

https://cs.gmu.edu/~sean/book/metaheuristics/Essentials.pdf
https://www.researchgate.net/publication/221900771_Metaheuristics_in_Combinatorial_Optimization_Overview_and_Conceptual_Comparison
https://books.google.gr/books?hl=el&lr=&id=y3HwBQAAQBAJ&oi=fnd&pg=PP1&dq=heuristic+&ots=QIOSWmT4I9&sig=bqYzP2mpPhwnQ47aS136RzYHNPE&redir_esc=y


Quick Recap Metaheuristics: What Have We Learned?

• Metaheuristics at a Glance
• General-purpose frameworks that guide heuristic search
• Useful when exact solutions are too slow or hard to compute
• Designed to balance exploration and exploitation
• Applicable to scheduling, routing, resource planning, layout optimization, and more

• Popular Metaheuristic Techniques
• Simulated Annealing: Gradual cooling to escape local optima
• Genetic Algorithms: Inspired by evolution – crossover, mutation
• Tabu Search: Memory-based local search with forbidden moves
• Ant Colony Optimization: Uses pheromone trails for path optimization
• Particle Swarm Optimization: Population-based search using velocity & position

• Why Use Metaheuristics in Industry?
• Handle large-scale, multi-constraint problems
• Work well when domain models are hard to formalize
• Scalable and flexible for real-time and dynamic environments



Q&A 3: Metaheuristics (1/2)

1. What is the main goal of a metaheuristic algorithm?
A. To test every possible solution
B. To approximate a good solution efficiently
C. To find the exact optimal solution every time
D. To simulate human behavior only

2. Which of the following is a feature of Genetic Algorithms (GA)?
A. Uses temperature to accept worse solutions
B. Applies pheromone trails for guidance
C. Uses crossover and mutation operations
D. Prevents movement with a memory list

3. Why are metaheuristics suitable for large-scale industrial problems?
A. They can guarantee global optimality
B. They require very few parameters
C. They adapt well and explore solution spaces efficiently
D. They only apply to small instances

4. What does “exploitation” mean in a metaheuristic context?
A. Randomly testing as many options as possible
B. Ignoring the best areas of the solution space
C. Focusing search around high-quality known solutions
D. Repeating the same solution until optimal



Q&A 3: Metaheuristics(2/2)

• Answers:
• 1. B
• 2. C
• 3. C
• 4. C



Section 4: Reinforcement Learning
1. Mathematical Programming for Production and Logistics 

1.1 Introduction to Mathematical Programming
1.2 Linear Programming (LP)
1.3 Integer and Mixed Integer Programming (IP / MILP)
1.4 Use Cases in Production, Scheduling, and Logistics
1.5 Strengths and Weaknesses in Industrial Practice
1.6 Tools & Solvers (e.g., CBC, Gurobi, CPLEX)
1.7 Further Reading
Q&A 1: Mathematical Programming

2. Heuristic Methods
2.1 Introduction to Heuristics
2.2 Common Heuristic Methods
2.3 Example: Solving the Traveling Salesman Problem (TSP)
2.4 Strengths and Weaknesses of Heuristics
2.5 Industrial Applications
2.6 Further Reading 
Q&A 2: Heuristic Methods

3. Metaheuristics Methods
2.1 Introduction to Metaheuristics
2.2 Overview of Popular Metaheuristic Algorithms
2.3 Example Application: Genetic Algorithm for Scheduling
2.4 Strengths and Weaknesses of Metaheuristics
2.5  Industrial Applications
2.6 Further Reading
Q&A 3: Metaheuristics

4. Reinforcement Learning
4.1 Introduction to Reinforcement Learning
4.2 Key Concepts: Agent, Environment, Reward, Policy
4.3 Types of RL: Model-Free, Model-Based, Deep RL
4.4 Strengths and Weaknesses of RL
4.5 Industrial Applications
4.6 Further Reading 
Q&A 4: Reinforcement Learning



4.1 Introduction to Reinforcement Learning

Definition
• Reinforcement Learning (RL) is a type of machine learning where an agent learns by 

interacting with an environment, aiming to maximize long-term reward through trial and 
error.

Core Concepts
• Agent: The decision-maker (e.g., robot, system)
• Environment: The system the agent interacts with
• State: The current situation or configuration
• Action: A decision or move the agent makes
• Reward: Feedback received after taking an action
• Policy: The strategy the agent uses to choose actions
• Value Function: Expected future rewards from a given state

Goal
• Learn a policy that chooses actions which maximize cumulative reward over time.

Why It Matters for Industry
RL is especially useful in dynamic, real-time environments like:

• Robot control and path planning
• Resource allocation
• Production line scheduling
• Inventory and pricing optimization



4.2 Key Concepts: Agent, Environment, Reward, Policy

• Agent
• The agent is the "learner" or "decision-maker." It could be a robot in a warehouse, a 

scheduling algorithm, or an AI trying to win a game.
Its goal: Learn what to do in each situation to maximize its long-term benefit.

• Environment
• The environment is the world the agent operates in. It provides observations (states), 

responds to the agent’s actions, and returns rewards.
It's a dynamic system that evolves based on both rules and the agent’s decisions.

• State
• A state captures the current situation of the environment.

For example:
• In robotics: the robot’s current location
• In scheduling: the current task queue and machine availability
📌 States help the agent "understand" what’s going on.



4.2 Key Concepts: Agent, Environment, Reward, Policy

• Action
• An action is what the agent can choose to do in a given state.

Examples:
• Move to a location
• Pick or place an item
• Assign a job to a worker

The set of all possible actions is called the action space.

• Reward
• The reward is the agent’s feedback. It's a number received after an action:

• +10 for picking the right object
• –5 for hitting an obstacle

Goal: Maximize the total reward received over time (not just short-term gain).



4.2 Key Concepts: Agent, Environment, Reward, Policy

• Policy (π)
• A policy is the agent’s decision rule — a function that maps states to actions:
🧭 “If I’m in state S, take action A.”
It can be deterministic (always the same action) or stochastic (probabilistic).

• Value Function
• The value function tells the agent how promising a state is, considering future rewards.

It helps balance:
• Short-term gain (immediate reward)
• Long-term planning (delayed outcomes)

• Example: In a warehouse, going directly to an item may give a small reward now — but 
planning a more strategic path might yield a better overall reward.



4.3 Types of RL: Model-Free, Model-Based, Deep RL

1. Model-Free RL
• Learns by trial and error.
• No knowledge of how the environment behaves — the agent learns only from its experiences.
• Example: A robot learns to navigate a warehouse without a map, just by trying routes and 

adjusting.
• Popular Algorithms: Q-Learning, SARSA, Deep Q-Network (DQN)

2. Model-Based RL
• Builds a model of how the environment responds to actions.
• Simulates future outcomes to make better decisions.
• Example: A job scheduler predicts how machines respond to different job sequences before 

acting.
• Good when data is expensive — allows planning before trying.

3. Deep Reinforcement Learning (DRL)
• Combines neural networks with RL.
• Enables learning from complex, high-dimensional data (e.g., images, sensor readings).
• Example: A vision-guided robot arm learns to pick parts using camera input.
• Used when the state or action space is too large for traditional methods.



4.4 Strengths and Weaknesses of RL 
Strengths of RL

• Adapts to Dynamic Environments
Learns from real-time changes (e.g., machine failures, traffic delays)
• Optimizes Long-Term Outcomes
Makes strategic decisions beyond short-term gain (e.g., preventive maintenance, 

energy management)
• Reduces Manual Rule Design
Learns policies automatically, avoiding hard-coded if-then rules
• Performs Well in Complex, Sequential Tasks
Ideal for robotics, scheduling, routing, and control problems with many steps
• Scalable with Deep RL
Neural networks allow scaling to vision-based or high-dimensional problems



4.4 Strengths and Weaknesses of RL 
Weaknesses of RL

• Requires Extensive Training
Needs many interactions with the environment, which can be costly or time 

consuming
• Unstable or Slow Convergence
Tuning RL models is tricky; performance can vary across runs
• Hard to Interpret
Learned policies may be hard to explain or justify to operators or auditors
• Sensitive to Reward Design
Poorly defined rewards can lead to undesired behavior
• Safety Risks in Early Learning
Real-world trial-and-error is risky (e.g., a robot crashing or damaging goods)



4.5 Industrial Applications

1. Robotic Path Planning & Control
• RL trains robots to move, pick, and place efficiently.
• Adapts to new obstacles, item positions, or layout changes.

Used in: warehousing, assembly lines, autonomous forklifts.

2. Production Scheduling
• RL allocates jobs to machines over time to maximize throughput or minimize energy usage.
• Learns to adapt to real-time disruptions (e.g., machine breakdowns).
• Used in: manufacturing plants, energy-intensive industries.

3. Dynamic Vehicle Routing
• RL learns optimal delivery routes while reacting to traffic, delays, or cancellations.
• Outperforms static routing in changing urban or industrial conditions.

Used in: fleet logistics, last-mile delivery.

4. Inventory and Supply Chain Optimization
• Learns when to order, how much, and from where to reduce stockouts and holding costs.
• Adapts to demand variation and supplier reliability.

Used in: retail, pharma, electronics.

5. Energy Management in Smart Factories
• RL schedules high-consumption tasks based on electricity pricing and grid load.
• Balances production goals with cost savings.

Used in: green manufacturing, HVAC systems, battery control.



4.6 Further Reading on RL 

Reinforcement Learning: An Introduction
Richard S. Sutton & Andrew G. Barto (2015)

• The foundational book on RL theory and algorithms
• Covers key concepts like Q-learning, policy gradients, and exploration

A Survey on Reinforcement Learning for Industry 4.0
Ahmad Farooq, Kamran Iqbal (2025)

• Covers real-world RL applications in smart factories, energy systems, and logistics
• Highlights challenges, opportunities, and emerging trends in Industry 4.0 environments

Algorithms for Reinforcement Learning
Csaba Szepesvári (2010) 

• Compact and mathematically grounded introduction to RL
• Focuses on value functions, exploration, and algorithm convergence

https://web.stanford.edu/class/psych209/Readings/SuttonBartoIPRLBook2ndEd.pdf
https://arxiv.org/abs/2502.09417
https://sites.ualberta.ca/~szepesva/papers/RLAlgsInMDPs.pdf


4.7 Quick Recap RL: What Have We Learned?

• Core Idea
• Reinforcement Learning is a method where agents learn by interacting with an environment to maximize long-term reward.

• Concepts Reviewed
• Agent, Environment, State, Action, Reward
• Policy (decision strategy)
• Value Function (future reward potential)

• Types of RL
• Model-Free: Learns from experience, no simulation
• Model-Based: Uses a model to simulate and plan
• Deep RL: Uses neural networks to handle complex input

• Where It’s Used in Industry
• Robotic control and path planning
• Dynamic scheduling in production lines
• Real-time inventory and logistics decisions
• Energy management in smart factories

• Strengths
Adaptability, long-term focus, minimal human rule design

• Challenges
• Data hunger, safety risks during learning, reward tuning



Q&A 4: Reinforcement Learning (1/2)

1. What does a reinforcement learning agent try to maximize?
A. The number of actions it takes
B. The complexity of the environment
C. The total accumulated reward over time
D. The number of available states 

2. In a warehouse, what could be considered the “environment” in RL terms?
A. The item list
B. The warehouse layout, shelves, and item locations
C. The worker’s salary
D. The optimization software 

3. Why is reward design important in RL?
A. It determines how fast the computer runs
B. It limits the number of states
C. It guides the agent's learning behavior
D. It tells the agent which sensor to use

4. What makes Deep RL different from basic RL?
A. It uses multiple agents
B. It includes hardcoded policies
C. It applies neural networks to handle complex inputs
D. It always finds the exact optimal solution



Q&A 4: Reinforcement Learning (2/2)

• Answers:
• 1. C
• 2. B
• 3. C
• 4. C
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